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Reducing Ballistic Range Data for
the Projectile's Drag Coefficient
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THE ballistic range has been used extensively to determine
the drag coefficient of spherical projectiles.1"3 The usual

practice in data reduction has been to fit the measured times
by a least-squares technique to a second- or higher-order
polynominal in distance and relate the coefficients thereby
obtained to the drag coefficient. In flow regimes where the
drag coefficient does not vary appreciably with velocity, such
as hypersonic flow, the polynominal-rrt technique imposes
excessive precision requirements on the measurements. It is
more practical in these flow regimes to use the time-distance
relation for a projectile with a constant drag coefficient and
determine that value which provides the best fit with the
data.

The momentum equation describing the deceleration of a
projectile in a stagnant atmosphere is

mdV/dt = -PV*CDA/2 (1)
Rewriting

dV/dt = VdV/ds

and integrating the previous equation, assuming CD is con-
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Fig. 1 Dependence of o-Q-V^2^2 °n velocity decay and num-
ber of measuring stations.

stant, yields

V = VQexp(-pCDAs/2m) (2)
where V = Fo when s = 0. Expressing velocity as the
time derivative of distance and integrating once more gives

t = t0 + [exp(PCDAs/2m) - l]/(V0pCDA/2m) (3)

where t0 is the time when s = 0. Nondimensionalizing this
equation with respect to range distance SR and traverse time
for the projectile fa, results in

t = tQ (4)

where

a. = pACDSR/2m

and the bar designates a nondimensional quantity. Equa-
tion (4) is the relation to be used for the best fit of the time-
distance data.

Two data-reduction schemes based on the preceding equa-
tions have been proposed. Seiff,4 having noted the relation-
ship expressed by Eq. (2), suggested that the average velocity
between each pair of measuring stations be calculated and
plotted vs distance on semilog coordinates. The slope of the
line passing through the data points is proportional to the drag
coefficient. The difficulty with this scheme is locating that
point in the interval where the velocity is equal to the average
velocity. Seiff recommends first assuming that the average
velocity occurs at the interval's midpoint and then altering
this location, using the calculated drag coefficient, until the
best fit with a straight line is obtained. Obviously errors
can be introduced using this computational and graphical
procedure, especially if large velocity decays occur between
stations.

Pitkin,5 utilizing the relation expressed by Eq. (4), pro-
posed that the measured times corresponding to a pair of
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successive intervals be used to solve for the drag coefficient
and velocity at the station common to both intervals. He
further suggested that additional measurements be made
over more intervals and the results correlated in a least-
squares sense, but he made no mention how this could be
done to evaluate the experimental error. The following
shows how a unique fit of Eq. (4) with all the data can be
achieved and the experimental error determined.

By defining a new variable

(5)

and

= (eas - l)/

Eq. (4) can be rewritten as

t = t0 + rj(a,s)/V0

where, for purposes of clarity, the bars designating non-
dimensional quantities have been deleted. It is noted that
t must vary linearly with 77. Choosing an arbitrary a, a
least-squares fit of t with rj can be established to yield t0 and
Vo, and the associated error is given by

= E & - u - (6)

where tk and Sk are time-distance data pairs and N is the
number of stations including the first (si = 0). The best
fit is achieved for that a where e is a minimum. This opera-
tion is easily executable with conventional high-speed com-
puters by systematically choosing values for a, evaluating
e and converging on that a for which e is a minimum.6 The
drag coefficient corresponding to the best fit is obtained from

CD = 2ma/pAsu (7)
An error in CD accrues from errors in each of the five vari-

ables in Eq. (7). The error in each variable can be combined
to determine the error in CD by employing standard sta-
tistical procedures7 for error propagation. The errors in
m, p, A, and SR can be established in the usual way by con-
sidering the accuracy of various measurements, such as, dis-
tance, pressure, temperature, and mass.

The parameter a is a function of the time-distance pairs
(tk,Sk) and errors in each contribute to an error in a. De-
pending on the equipment available and conditions of the
experiment, the errors in distance measurements may be
much less than those in time.3 18 >9 The analysis which follows
applies to this case.

The variance of a is related to the variance of the time
deviations (at

z
tk

z) about the best fit curve by7

N

E (8)

taking the time variance to be the same at all stations yields}
N

It is shown in the Appendix that the sum of the derivatives
of a with respect to fa, subject to the constraint of a minimum
sum of squared deviations about the curve, is

where

D =
2V2 217*

N

t This equation is not valid in those situations in which the
time measurements are not statistically independent; if time
measurements at each station are made with respect to a common
time reference, and not with respect to a previous measurement,
Eq. (8) is valid.

rjk =

All the summations are performed over the same range;
k = ItoN. With the relation expressed by Eq. (4) when t —
tQ = 1 and 5=1 ; namely

7Q = (e- - !)/«

the normalized variance of a becomes
(11)

(12)

The best estimate of the time variance is

a-,2 = S(fa - tQ - Tjk/VoWN - 3 (13)
where three-degrees of freedom have been removed by fitting
the data with a three-parameter curve. Having determined
the variance of t, the variance of a is calculated by Eq. (12)
and related to the error in a (and CD) using the t probability
distribution.10

As stated previously, this analysis is valid for the case in
which errors in distance measurements are much smaller
than those in time. An analysis identical to that just men-
tioned can be carried out for the converse case of less accurate
distance measurements. If the time and distance errors
are of the same order .of magnitude, the more complicated
bivariate regression analysis is necessary.

As an application of the preceding analysis, consider a
ballistic range with N equally spaced measuring stations.
The dependence of <7a

2/aV«2 on the velocity decay for 5, 10,
and 20 measuring stations is illustrated in the accompanying
figure. As anticipated a smaller cra

2/aVi2 is achieved by
allowing larger velocity decays or using more measuring
stations.

This figure can be used to assess the error in a for a given
error in time measurements. Consider the following ex-
ample. A 200-ft ballistic range is used to measure the drag
coefficient of a projectile moving at 5000 ft/sec. The range
has ten measuring stations and the times of projectile passage
are measured to within ±1 jusec. Thus the nondimensional
standard deviation of the time measurements will be of the
order of 5 X 10~5. It is assumed, of course, that the location
of measuring stations is measured with more precision than
the times of projectile passage.

Assume the velocity decays 10%. From the figure it is
found that the variance of a is related to the variance of t by

<7a
2/a2 = 4.6 X

Thus one concludes

< 1.2 X 10 ~5

From the tabulated values for the Student t distribution10

for 7-degrees of freedom and a 90% confidence level, it is
found

Aa = (14)

where A a is the uncertainty in a. Substituting the afore-
mentioned values into Eq. (14) gives

Aa/a < ± 2.1 X 10~3

and thus shows that the error in a, as a result of errors in time
measurement, will be less than ±0.21% with a 90% confi-
dence level. If the conventional polynominal fit were used
for the data, it can be shown that the errors in time measure-
ment would effect an order-of-magnitude larger error in a.

The utility of the preceeding analysis in experiment design
and data analysis is obvious.

Appendix

The curve to which the data are fitted is

t = t0 + r)(at,s)/V0 (Al)
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and the best fit is obtained when

2[tk - t0 - rj(a,Sk)/Vo]2 = minimum! (A2)

Let dtk represent the arbitrary deviation of a time measure-
ment from the best-fit curve. The parameters describing
the curve must change accordingly but in such a way that the
sum of the squares of deviations from the curve is a minimum,
i.e.,

- U- bt,-

or

- r,k'8a/V0 -

= min (A3)

= min (A4)

where tck is the time given by the best-fit curve (Eq. Al) at
station k. Taking the derivative of Eq. (A4) with respect
to dto, 8a, and 8(l/Vo) and equating each to zero yields a set
of three equations for dt0, da, and d(l/Vo) as a function of
dtk. Taking the derivative of each equation with respect
to 8tk produces the following set of equations fordfo/dfo,
dtk, and

(A5)

Solving for ba/dfa, squaring and summing over k gives

(A6)
where

D =
2V
2vk

N
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A Comparison of Boundary-Layer
Transition Data from Temperature-
Sensitive Paint and Thermocouple

Techniques

GEORGE G. MATEER*
NASA Ames Research Center, Moffett Field, Calif.

Nomenclature

M = Mach number
p = pressure
u = velocity
s = distance along model surface from nose
T = temperature
p = density
fj, = viscosity

Subscripts
e = boundary-layer edge condition
t = total condition
oo = freestream condition

REFERENCES 1 and 2 demonstrated that the phase-
change, temperature-sensitive paint technique is a

reliable method for obtaining quantitative aerodynamic
heating data. In Ref. 2, these data were used as an indi-
cator of boundary-layer transition, and transition Reynolds
numbers were compared with those from other investigations.
However, an assessment of the method for quantitative
measurements of transition could not be made from this
comparison because of differences in transition data between
facilities. Since the simplicity of the technique would make
it particularly suited for transition studies on complex con-
figurations, a study was made to determine whether the
temperature-sensitive paint technique would yield the same
quantitative results as more conventional methods.

Tests were conducted in the Ames Research Center's 3.5-
ft hypersonic wind tunnel on 5° half-angle cones at a free-
stream Mach number of 7.4. The total temperature was
nominally 1500°R and total pressures ranged from 200 to
1800 psia, accordingly, freestream unit Reynolds numbers
varied from 0.9 to 8 X 106/f"t. Boundary-layer transition
was determined from heat-transfer distributions obtained by
the temperature-sensitive paint and from the thermocouple-
calorimeter techniques. The thermocouple tests have been
previously reported.3 For the paint tests the model was
22.75 in. long and a paint was selected that changed phase
(solid to liquid) at 200°F. Heating rates were deduced from
photographs of the melt line as described in Ref. 1.

An example of heating-rate data is shown in Fig. 1. Paint
and thermocouple data compare very well over the entire
boundary layer (laminar, transitional, and turbulent). The

EHI PAINT DATA
P t=866psip
Tt= 1424° R

©THERMOCOUPLE DATA
P| = 852 psid
T t=l383°R

Fig. 1
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Comparison of heating rates on 5° half-angle cones
at Mco = 7.4.

§ All summations are performed from k = 1 to k = N.
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